Calc 1: Practice Exam 2 Solutions

Name:
(1) Find derivatives of the following functions:

(a)

4+ 2r+1

V= Freoste)

Answer: Use the quotient and product rules:

,_ Vacos(z) (5t +2) — (2° 4 22 + 1)(327%/3 cos(z) — 23 sin(z))

Y (Va cos(@))?

y = tan(z! + 1)

Answer: Use the product rule and the chain rule:

y' = 32%(e”) tan(z + 1) + € sec?(a* + 1)(42?)

y = cos(e” ) sin(e™*")

Answer: Use the product rule and the chain rule:

y' = —sin(e™*") sin(e”) (e”) (2x) + cos(e” ) cos(e ") (e

)(=2x)

(@)
,_ tan(yz — ¢/(z)

x2€5x
1




2

Answer: Use the quotient rule, the product rule, and
the chain rule.

J = 12" sec(x — YY) (323717 — 1o73) — tan(y/a — Yx) (257 4 Sa?e™)

riellz

(2) Consider the curve defined by the equation
ye® + xe¥ = eV

o1 d
(a) Find 2

Answer: Take the derivative with respect to x of both
sides, using implicit differentiation:

dy
ry _J
e (x T +v)

d dy
x T Yy Yy —
ye” +e ar +e’ + ze dr
Solve for 2 to find:

dy  ye™ —ye” —¢e¥

dr  e* + xe¥ — xe®y

(b) Find the equation of the tangent line to the curve at the
point (1,0).

Answer: In the expression above, plugin z=1and y =0
to find that the slope of the tangent line is: ’71 Thus the
equation of the tangent line is:

1

y=—-(@-1)

(3) Show all the steps for finding the derivative of:
(a) y = arcsin(x)

(b) y = arccos(z)



(4)

(c) y = arctan(z)

Answer: Rewrite y = arctan(z) as * = tan(y). Dif-
ferentiate both sides with respect to = to find that: 1 =
sec?(y)%. Thus:

dy 1

dr  sec?(arctan(z)

To simplify this make a right triangle which has an angle
y (since arctan(z) spits out the angle y). Since tangent is
opposite over adjacent, label the side opposite the angle y
with = and the side adjacent with a 1. Thy hypotenuse
then has length /14 22 by Pythagoras’ theorem. The
function secant is defined as hypotenuse over adjacent, so
sec(arctan(z)) = sec(y) = V1 + 22. Thus:

dy 1

dr 14 a2

Suppose that f(t) is a solution of the DE ¢ = t?y + ¢ and that
f(1) = 2. Find the equation of the tangent line to f(t) at the
point (1,2).

Answer: The slope of the tangent line is f'(¢) when t = 1
and y = 2. The fact that f(¢) is a solution to the given DE,
tells us that f/(t) = tf(t) +¢. So when t = 1 and y = 2 we
have: f’(1) = (1)?(2) + 1. In other words, the slope is 3. Thus
the equation of the tangent line is y = 3(¢ — 1) + 2.

Suppose that h(t) is a solution of the DE 3 = e’y and that
h(—2) = 1. Find an equation of the line tangent to h at the
point (—2,1).

Answer: This works the same way as the previous one. The
slope is ' when ¢t = —2 and h = 1. Thus the slope is e (1) =
e~2. The equation of the tangent line to h(t) at the point (—2,1)
1s:

y=e2(t+2)+1



(6) Find the following limits. Explain all your steps.
(a)
lim In(z)

T—00 %

Answer: The given limit has the indeterminate form 2
so we can use 'Hopital’s rule. We find that the given limit
is the same as:
1
3 €T
S K

We can rewrite this as:

I 3
xLIgO xl/3
Since the denominator goes to 400 and the numerator

stays at 3 as x goes to oo the given limit evaluates to 0.

x—0 x

Answer: The given limit has the indeterminate form %

so we can use I’Hopital’s rule to see that the given limit is
equal to:

et —1
lim
z—0 21

This limit still has the indeterminate form 2 so we apply

0
I’Hopital’s rule again:

As  — 0 the function e® heads toward 1 and 2 stays at 2,
so the overall limit is equal to %

2 —1

lim
z—oo0 222 + 1




(7)
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Answer: We could use I’Hopital’s rule here, but it is sim-
pler to multiply both numerator and denominator of the
fraction by x% converting it into the limit:

. 2
lim 5

The function ?12 — 0 as x — o0 so the overall limit is %

Find the point on the line y = —3x + 2 which is closest to the
origin.

Answer: Define the function d(z) = /22 + (—3x + 2)2 which
represents the distance of the point (z,y) (where y = —3x + 2)
from the origin. We wish to minimize this so we take the de-
rivative using the chain rule:

20 + 2(=3z + 2)(—3
pa) 2 2B 1 D)(8)
2¢/22 + (=3x + 2)?
Note that the denominator is 2 times d(x) so since the line
doesn’t pass through the origin, the denominator is never zero.

Thus the only critical points occur when the numerator is zero.
To see when this occurs, solve the following:

204+ 2(—3x+2)(—3)=0
_3 ~ cim i (31
We see that z = £. So the point nearest the origin is (, ).

When a person coughs, the velocity of the air stream is related
to the radius of the trachea by:

v(r) = k(rg — r)r?

The normal radius of the trachea is o and k is a constant. The
radius r of the trachea is restricted so that %ro <7r <rgin
order to prevent suffocation.

Find the value of r which makes v an absolute maximum.

Answer: Rewrite: v(r) = kror? — kr®. Then differentiate:
v'(r) = 2kror — 3kr?



(10)
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The derivative always exists, so the only critical points are
where v'(r) = 0:

2kror — 3kr? = 0 =
r(2krg — 3kr) = = =
r=20 or =2

3

Now, when r = 0 the person has suffocated, so we need only

evaluate v(r) when 7 = 22 and when r equals one of the end-

3

points:
ooy 4krd 83 (12k+8)rd
(F) = S om = 27
g = F-f -
v(rg) = krd—krl = 0
Since % > % it is straightforward to see that (12k2+78)rg > @.

Thus, r = 2% gives the maximum velocity.

Find the speed of the following curve at the point when ¢ = 0:

{x(t) = 2sin(4t)
y(t) = 3sin(5t)

Answer: The speed is defined to be /(2')? + (v')?. Dif-
ferentiating = and y we obtain: 2'(t) = 8cos(4t) and y'(t) =
15cos(5t). When t = 0 we have 2/(0) = 8 and ¢'(0) = 15. So
the speed when t = 0 is /82 + 152.

If two resistors with resistances R; and R, are placed in parallel
in a circuit, the total resistance of the circuit, R is related to
Ry and Ry be the equation:

11,1
R R R
If R; is increasing at a rate of .4 ohms per second and R,

is increasing at a rate of .6 ohms per second, how fast is R
changing when R; = 20 ohms and Ry = 30 ohms?



(11)
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Answer: We know that % = .4 and % = .6. We wish to
find %. Differentiating the given equation with respect to t we
obtain:

1LdrR 1 dR, 1 dRs
R2dt R dt R dt

Plugging in the values for ¥4 and

dt
thing by (—1) we obtain:
1 dR 1 1
—— = —(4)+ —(.6)
R~ R R2

When R; = 20 and R, = 30 we solve and find out that
R = 12. Thus:

dRo

o and dividing the whole

1 dR 1 1
M )+ —(.
144 dt 400( )+ 900( 6)
So:
drR 1

— = (== + )44 =24
dt (1000 * 3000)

A baseball diamond is a square with sides 90 ft. A batter hits
the ball and runs toward first base with a speed of 24 feet per
second. At what rate is his distance from 3rd base increasing,
when he is halfway to 1st base? (The bases are located at the
corners of the square).

Answer: Draw a picture. The path from 1st base to 3rd base
(straight across the field) to home is a right triangle. When the
player is x feet away from home the distance to 3rd base is

d(x) = va? +902. Rewrite this as:
d* = 2* + 907

Taking the derivative with respect to t:

dd dx
Thus:
dd B x dx

dt — ddt



(12)

(13)
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We know that ‘fl—f = 24. When = = 45 we have d = 45v/5.
Thus when the player is halfway to first base:

dd 24

dt 5

Explain why the function y = 20002 — 2422 + 15 must have at
least one root. (Your answer should involve a theorem discussed
in class.)

Answer: When z = 1 we can see that y > 0 and when
r = —1, y < 0. Since y is a continuous function, the interme-
diate value theorem tells us that we must have some number
¢ between -1 and 1 such that f(¢) = 0. This is a root of the
function.

When I wake up in the morning it is 45° F. At lunch time it
is 68° F. Explain how I know that there was some time in the
morning when it was exactly 157°F.

Answer: Let f(t) be the temperature at time ¢. Tempera-
ture is a continuous function of time. When ¢ represents a time
early in the morning f(t) = 45, when ¢ represents lunchtime
f(t) = 68. The number 157 is between 45 and 68 so the inter-
mediate value theorem tells me that there must be sometime in
the morning when the temperature was exactly 157 degrees.

Let f(t) = t* +t + 3. Explain why there is some number ¢
between -1 and 1 such that f’(¢) = 2. Your answer should use
a theorem we discussed in class.

Answer: The average value of the function f on the interval
[—1,1] is:
fO=f=)  5-()
1—(-1) 2
Since f(t) is both continuous and differentiable we can apply
the mean value theorem which says that there must be some

number ¢ between —1 and 1 at which our function achieves its
average value on the interval.

=2




